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Abstract 

We consider antiPoisson superalgebras realized on the sniootli Grassmann-valued functions 
with compact supports in R" and with the grading inverse to Grassmanian parity. The defor- 
mations with even and odd deformation parameters of these superalgebras are presented for 
arbitrary n. 



1 Introduction 



In [To] we described the deformation of Poisson superalgebra depending on even and finite 
number of odd deformation parameters. The number of finite parameters in that case may be 
arbitrary because Poisson superalgebra reahzed on the smooth Grassmann-valued functions 
with compact support has infinite number of odd 2-cocycles in adjoint representation. 

Here we consider the deformations of antiPoisson superalgebras realized on the smooth 
Grassmann-valued functions with compact supports in M" and show that there exists either 
one deformation with one even deformation parameter, or one deformation with one odd 
parameter. 

All necessary definitions are in the next section. This text organized as follows. 

Section[3]contains previously known results about second cohomology space of antibracket 
and two more cohomologies for n = 1. Theorem 14.31 described the general form of the 
deformations are formulated in Section H] and proved in Section [71 Cohomology space is 
described in Section [6] and with details in Appendix [1] 



2 General 

The odd Poisson bracket play an important role in Lagrangian formulation of the quantum 
theory of the gauge fields, which is known as BV- formalism [1], [2] (see also [3]- [5]). These odd 
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bracket were introduced in physical literature in [T] and were called there as "antibracket". 
Antibracket possesses many features analogous to ones of even Poisson bracket and even 
can be obtained via "canonical formalism" with odd time. However, contrary to the case 
of even Poisson bracket where there exists voluminous literature on different aspects of the 
deformation (quantization) of Poisson algebra, the problem of the deformation of antibracket 
is not study satisfactory yet. 

In [6] the deformations antibracket realized on the space of vector fields with polyno- 
mial coefficients are found and in [9] the deformation of antibracket realized on the smooth 
Grassmann-valued functions with compact support is found. 

The goal of present work is finding all the deformations depending on even and odd 
deformation parameters of antiPoisson superalgebra realized on the smooth Grassmann- 
valued functions with compact supports in M*^. 

Let IK be either M or C. We denote by P(]R") the space of smooth K-valued functions 
with compact supports on M". This space is endowed with its standard topology. We set 



where is the Grassmann algebra with n generators and I)'(M") is the space of continuous 
linear functionals on ©(M*^). The generators of the Grassmann algebra (resp., the coordinates 
of the space MJ^) are denoted by a = 1, . . . ,n (resp., x\ i = 1, . . . ,n). We shall also use 
collective variables which are equal to for A = 1, . . . ,n and are equal to for 
A = n + l,...,2n. 

The spaces D„, E„, and possess a natural grading which is determined by that of 
the Grassmann algebra. The Grassmann parity (5-parity) of an element / of these spaces is 
denoted by e{f). 

The spaces D„, E„, and possess also another Z2-grading e (e-parity), which is inverse 
to e-parity: e = e + 1. 

We set ea = 0, eA = i ioT A = 1, ... ,n and Ea = ^, ^a = ioi A = n + 1, . . . , 2n. 
It is well known, that the bracket 



which we will call " antibracket" , defines the structure of Lie superalgebra on the superspaces 
D„ and E„ with the e-parity. 



Indeed, [f,g] = — (— l)^'--^^^'-^-' /], e{[f,g]) = e(/) + e{g), and Jacobi identity is satisfied: 
^_iy(fHh)^f^ Ig^h]] + {-l)<^^<^\g, [h,f]] + (-l)^W<^)[/i, [f,g]] = 0, f,g,he E„. (2.2) 



D„ = P(M")®G", E„ = C°^(M") ®G, D; = r''(M")®G", 




(2.1) 



Evidently, the metric lo defining antibracket 



[f.g]{z) = f{z) 




,AB 



d 



is constant, nondegenerate, and satisfy the condition 



,BA 



e-A<^B, ,AB 
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Here these Lie superalgebras are called antiPoisson superalgebrasl^ 
The integral on D„ is defined by the relation J dzf{z) = J^„dx J d^f{z), where the 
integral on the Grassmann algebra is normed by the condition J . . . = 1. We identify 
G" with its dual space G'" setting f{g) = J d^ f{^)g{^), f,g E G". Correspondingly, the 
space of continuous linear functionals on D„ is identified with the space P'(M") ® G". 
The value m(/) of a functional m G on a test function / G D„ will be often written in 
the integral form: m(/) = J dzm{z)f{z). 



3 Cohomology of antibrackets (Results) 

Let D„ acts in a Z2-graded space V (the action of / G D„ on f G V will be denoted by 
f ■ v). The space Cp(Dn,V) of p-cochains consists of all multilinear superantisymmetric 
mappings from to V. Superantisymmetry means, as usual, that Mp{...,fi, /j+i,...) = 
~{—iy^-f''^^^'f'+'^^Mp{ /j+i, /j, ...). The space Cp(D„, V) possesses a natural Z2-grading: by 
definition, Mp G Cp(D„, V) has the definite e-parity e^p if 

e(Mp(/i, ...Jp)) = EM, + e(/i) + . . . + e{fp) 

for any fj G D„ with e-parities e(/j). We will often use the Grassmann e-paritjj^ of cochains: 
= CA/p + p + 1. The differential dp is defined to be the linear operator from Cp(D„, V) 
to Cp+i(D„, V) such that 

P+i 

- J2{-iy^<f^m-,..-iMp{f„ .../,_!, [/„ /,■], /„ /p+i), (3.1) 

i<j 

for any Mp G Cp(D„, and G D„ having definite e-parities. Here the sign" 

means that the argument is omitted and the notation 

ie(/)iM = Ee(/o 
i=i 

has been used. The differential d^ is nilpotent (see [7]), i.e., d^j^^d^ = for any p = 
0, 1, . . .. The p-th cohomology space of the differential dp will be denoted by Hy. The 
second cohomology space H^^ in the adjoint representation is closely related to the problem 
of finding formal deformations of the Lie bracket [■, ■] of the form [/, (7]* = [/, g] + h[f, ^fji + . . . 
up to similarity transformations [f,g]T = T~^[Tf,Tg] where continuous linear operator T 
from V[[h]] to V[[h]] has the form T = id + hTi. 

^ We will consider usual multiplication of the elements of considered antiPoisson superalgebras with 
commutation relations fg = {—^Y^^^'^'^^^gf as well, and the variables will be called even variables and the 
variables will be called odd variables. 

^If V is the space of Grassmann- valued functions on R" then e defined in such a way coincides with usual 
Grassmann parity. 
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The condition that [-, -ji is a 2-cocycle is equivalent to the Jacobi identity for [■,■]* modulo 
the /i-order terms. 

In the present paper, similarly to [8] , we suppose that cochains are separately continuous 
multilinear mappings. 

We need the cohomologies of the antiPoisson algebra D„ in the following representations: 

1. V = En and f ■ g = [f,g] for any / G D„, g G E„. The space Cp(D„,E„) consists 
of separately continuous superantisymmetric multilinear mappings from (D„)^ to E„. 
The cohomology spaces and the differentials will be denoted by and d^'^ respectively. 

2. The adjoint representation: V = D„ and f ■ g = [f,g] for any f,g E D.„. The space 
Cp(D„, D„) consists of separately continuous superantisymmetric multilinear mappings 
from (D„)^ to D„. The cohomology spaces and the differentials will be denoted by 

and dp'^ respectively. 

We shall call p-cocycles M^, . . . independent cohomologies if they give rise to linearly 
independent elements in if^. For a multilinear form Mp taking values in D„, E^, or D^, we 
write Mp{z\fi, . . . , fp) instead of more cumbersome Mp(/i, . . . , fp){z). 

The following theorems proved in [9] describe these cohomology of antibracket 
Theorem 3.1. Let the bilinear mappings m2\i, Tn2\2, fTi2\b, ^2\% from (Di)^ to Ei and 
bilinear mappings m2\z, ^2\i from (D„)^ to E„ be defined by the relations 

m2\i{z\f,g) = J dud^g{u)dlf{u), e^^,^ = 1, (3.2) 

m2\2{z\f,g) = j due{x - y)[d,g{u)dlf{u) - dr,f{u)dlg{u)] + 

+x[{d^dlf{z)}d^d,g{z) - {d^d.J{z)}d^dlg{z)l e^„, = 1, (3.3) 

m2\Mf. g) = (-l)^'^^H(l - - N^)9{z), e„,|3 = 1, (3.4) 

m2\Mf.9) = {-ir^^\Af{z)}£M^) + {SJ{z)}Ag{z) e^„, = 0. (3.5) 

m2\,{z\f,g) = j du{-l)<f^dyf{u)dyg{u), e^,,^ = 0, (3.6) 

m2ie{z\f,g) = J due{x - y){-l)<f^dyf{u)dyg{u), e^,,, = (3.7) 

where z = (x,^), u = {y,ri), = ^d^, and 

A = d^d^. (3.8) 

Then 

1. ^ and the cochains m2\-i{z\f , g) and m2\i{z\f , g) are independent nontrivial 
cocycles. 

2. Let n = 1. 

Then ~ and the cochains m2\i{z\f, g) , m2\2iz\f,g), m2\3{z\f, g) , m2\i{z\f,g), 
i^2\5{z\f, g) , and m2\Q{z\f, g) are independent nontrivial cocycles. 
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3. Let n > 2. Then H^, ~ ~ and the cochains m2\3{z\f, g) and m2\A{z\f, g) are 
independent nontrivial cocycles. 

Nonlocal cocycles m2\5 and m2\e are lost in |9] for n = 1. This is the reason to reproduce 
below (in Section IH] and in Appendix [T]) the proof of item [2] and item [T] for n = 1 of Theorem 

EH 

4 Deformations of antibrackets (Results) 

Consider general form of deformation, [f,g]^{z), of the antibracket [f,g]{z). 

Because antibracket on D„ has only two independent adjoint second cohomology, one 
even (m2|4) and one odd (m2|3), we consider the deformations depending on one even and 
one odd (in Grassmannian sense) parameters, h and 6 correspondingly. 

We will suppose that: 

1. 

[/, gUz) = C{z\f, g; h, 6) = AMI. 9; ^) + OAo{z\f, g; h), e{Ai) = ^ + 1 (4.1) 

(4.2) 

A,{z\f,g;0) = [f,g]{z), 

2. 

A{z\f,g;h) = J2f^'^Mkiz\f,g) 

k 

3. Aiikiz\f,g) e D„, for all f,g E D„; 
4- [I\9]*{z) satisfies the Jacobi identity 

{-iyif>W[[f,gl,hl + cjch{f,g,h) = 0, Wf,g,he D„, (4.3) 

or 

(-iyiMf^)C{z\C{\f, g),h) + cycle(/, g, h) = 0. (4.4) 

Note that if a form C{z\f,g) satisfies the Jacobi identity then the form CT{z\f, g), 

CT{z\f,g) = T-'C{z\Tf,Tg), 

satisfies the Jacobi identity too. Here T: f{z) — ?■ T{z\f) is invertible continuous map 
D„ ^ D„. 

Formal deformations and are called similar if there is a continuous K[[h, ^]]-linear 
parity conserving similarity operator T : Dn[[/?,, 6*]] — )■ D„[[^, ^]] such that TC^{f,g) = 
C^iTf, Tg), f,ge D„[[n, 6]] and T = id + Ti, where Ti = if /I = and ^ = 0. 
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Theorem 13.11 allows us to prove the following theorem, stating the general form of the 
deformation of antiPoisson superalgebra with even deformation parameter: 

Theorem 4.1. [9] The deformation of antiPoisson superalgebra with even parameter h 
has the form 

[f{z), g{z)]^ = [f{z),g{z)] + (-l)^^-'H Y^^^v7^^/(^)K^^?(^) + ^^-^(")> i + ^tiV/2 ^^^"^ 

(4.5) 

up to similarity transformation, where = z"^-^, one? c is an arbitrary formal series in h 
with coefficients in K. 

The identity = and Theorem 13 . 1 1 lead to evident result: 

Theorem 4.2. The deformation of antiPoisson superalgebra with odd parameter 9 has 
the form 

[f{z), g{z)]. = [fiz),giz)] + 9i{-iy^f^ {Afiz)}£,g{z) + {£Jiz)}Agiz)) (4.6) 



Main result of present work is the following theorem which is proved below 
Theorem 4.3. The deformation of antiPoisson superalgebra with one even and odd 
parameters has either the form ([^.5| ) or the form ^.6\ ). 

5 Preliminary and Notation 

We define 5-function by the formula 

^ dz'6iz' - z)f{z') = / f{z')5{z - z')dz' = f{z) 
Evidently, 

[f,g\{z) = {-ir-<f^^{f{z)u;^^^g{z))-2fAg{z), 
j dzf[g,h] = j dz[f,g]h + 2 j dzfAgh, 

where A is defined by (13.81) . 

The following notation is used below: 

T..(^),... = T..A,...A,..., Tm^^,„ = (-l)^-'^-'+^r..A.+,A,..., t = l,...,k-l 

T...(A),...Q...(^)^.. = T...^,...^,...g./-^^„, 

(Oa)^ = Oa.Oa^ ■■■Oaq, (pa)^ = PA1PA2 ■■■PAq, 
and so on. 

We denote by Mp{. . .) the separately continuous superantisymmetrical p-linear forms on 
(D„)^. Thus, the arguments of these functionals are the functions f{z) of the form 

n 

/(^) = 5^/w.(x)(r)'eD„, /(„),(x)GP(M"). (5.1) 

k=0 
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For any f{z) G D„ we can define the support 

supp(/) =^ y supp(/(„),(x)). 



(a)fc 



For each set C we use the notation ~ ^ ^ ~ i^iO there exist some 

domain U CW^ such that x eU and Uf]V = 0. 

It can be easily proved that such multilinear forms can be written in the integral form 
(see 



Mpifi, ...Jp) = j dzp--- dzimp{zi, . . . , Zp)fi{zi) ■ ■ ■ fp{zp), p = 1, 2, ... (5.2) 

and 

Mp{z\fi,...,fp) = J dzp---dzimp{z\zi,...,zp)fi{zi)---fp{zp), p=l,2, ... . (5.3) 
Let by definition 

e(Mp(/i, ...Jp))= +pn + e(/i) + . . . + e(/p). 

It follows from the properties of the forms Mp that the corresponding kernels nip have the 
following properties: 

=pn + eMp, £mj, =pn + Em^,, = + p + 1, 
mp{^\zi . ..Zi,Zi+i ...Zp) = {-lYmp{*\zi . . . z*^^, z* . . . Zp). (5.4) 

Here z* = {x, —C.) ii z = {x, 

Introduce the space Aii C C2(D„, D^) consisting of all 2-forms which can be locally 
represented as 

Q 

M2V(^|/,^?) = 5^mi(^)'(z|[(ai)V(^)]^?-(-l)^(^^^(^^[(91)''^?(;^)]/), (5.5) 

q=0 

with locally constant Q and the space A^2 C C2(D„, D^) consisting of all 2-forms which can 
be locally represented as 

Q 

M',\,{z\f,g) = j2^'^^^'WArf]9 - {-ir^^'>'^'\dAyg]f) (5.6) 
9=0 

with locally constant Q, where m-'^'^(^)«(2|-) G Ci(D„, D^). 

The space A^o = -^i fl-^s is called in this paper the space of local bilinear forms. It 
consists of all the form, which can be present as 

Q 
p,g=0 

Here m*^"^^'"^^)'' E D' ® G", and the summation limit Q is locally constant with respect to z. 
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6 for n = 1 antibracket 

Here we give the proof of the point b) in Theorem 13.11 
Proposition 6.1. Let n = 1. 

Let the bilinear form 

M2{z\f,g) = j dvdum2{z\u,v)f{u)g{v), 

sueh that M2{z\f,g) G Ei for all f,g& Di be eoeyele, i.e. it satisfy the cohomology equation 

dfM2{z\f,g,h) = -(-l)^(^)^W{(-l)^(^)^W[M2(^|/,<7),/i(^)] + 

+ (-iy(fH'^')M2{z\[f, g],h) + cycle(/, g,h)} = 0. (6.1) 

Then 

M2iz\f,g) = cim2\i{x\f,g) + C2m2\2ix\f, g) + C5m2|5(x|/, ^f) + 
+C6m2|6(x|/, g) + dfM^,{z\f, g) + M2XoMf. d)- 

where Ci are constants, m2\i are defined in Theorem \3.1\ and M2\oc{z\f , g) G M.q. 
The details of the proof can be found in Appendix [TJ 

The space of local cocycles is generated up to cobondaries by m2|3 (odd cocycle) and m2|4 
(even cocycle) [9]. 



7 Deformation with one even and one odd parameter 

Let 

[/(^), g{z)]^ = A{z\f, g- h, 9) = A,{z\f, g; h) + eA,{z\f, g- h), 

JAA^f, g, h) = (-l)(^(^))(^W)A(z| A(|/, g; h, 9), h; h, 9) + cycle(/, g, h) = 0, (7.1) 

where = 0, e^i = I, Se = 1, = 0. 
It follows from Jacobi identity ()7.ip : 

JA,,AMf,g,h)=0, (7.2) 

JA^,eAoiz\f^9,h) = 0, (7.3) 
such that we have from Theorem 14.11 

MM = IfUUU)] + (_l).</.{_|_^A/(.)}£.«(.) + {£./(.)}_J^_^A9(.) 

(7.4) 

(up to similarity transformation of [f{z), g{z)]^) 

li Aq then we can redefine 9 i— )■ h~'^9 with some definite k in such a way that the 
decomposition of Ao{z\f,g; h) starts with zero degree of h: AQ{z\f,g] 0) ^ 0. 

Then fl7.3p gives JA^fiAo{.z\f,g,Q) = 0, i.e. v4o|ri=o is a cocycle, and since it is odd, 
Ao{z\f, g]0) = CQ\Qm2\3z\f, g up to equivalence transformation. 
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To prove Theorem H] it remains to prove that if 7^ then Ai(z\f,g] K) = [f,g]- 
Let us assume that Aq ^ 0. Then we may assume that 

00 

Ao{z\f,g; h) = J2 Aoiko{^\f\g), Ao\o{z\f,g) ^ 0. 

A:o=0 

Let 

A,{z\f,g) = [f{z),g{z)] + h'^+'c,\,,m2i4{z\f,g) + 0{h'^^'). 
Define the notation 

n 

Ao\[m,n]iz\f,g) = ^h^Ao\i{z\f,g). 

l=m 

Let 

ci = 0(n^^), 

where ki is some integers, ki > 1. 

7.0.1 0-th, ... ,{ki)-th orders in h 
In these cases, we find 

dfAoi[oM]i^\f^9,h) = 0, 
such that we obtain (up to similarity transformation) 

Ao\[oM-i]i^\f^9,h) = Coi[o,k,]'m2\3{z\f,g), Co\o ^ 0. 
Here Co\[m,n] = YJk=m'^m^ Co|o ^ 0. 

Before we will start to consider remaining case let us formulate the following proposition 
Proposition 7.1. Let 

^^A{z\f, g), h{z)] + A{z\[f, g],h)] + cycle(/, g, h) + 
+cJm2,3,m2|4(2;|/, h) = 0. (7.5) 

for some c G K and some A G C2(D„, D„) 
Then c = 0. 
Proof. 

1. Note that up to some similarity transformation A is local form, A G Aio- 
Indeed, consider the domains 

i) z n[supp (/) U supp (g) U supp (h)] = supp (/) n[supp (g) [j supp (h)] = 
and 

ii) z ri[supp (/) U supp (g) [j supp (h)] = 

In these domains, Jm2^^,m2i4{z:\f,g,h) = and, as it is shown in [9], A{z\f,g) can be 
represented in the form 
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A{z\f,g) = A,Uz\f.9) + dtM{z\f,g) 

N 
a,h=0 

^{BU{A)^ ^ (_iyeA|i,akB|i,.^(A).|(B),^ e(m(^)"l(^)''(9^)"(9^)'') = 0, 

where M{z\f) is some 1-form, em = 1- 

After similarity transformation of [/, f?] with T{z\f) = f{z) — h6M{z\f) we have 
A{z\f,g) = Aioc{z\f,g and Aioc{z\f,g satisfies eq. (Q- 

Choosing f{z) = e^^, g{z) = e^"^, h{z) = e^^ in some neighbourhood of z, we reduce eq. 
( I7.5P to the form 

^{z\p, q, r) {p, q) - [F{z\p, q), zr] + cycle(p, g, r) = 

= c ■ {m2\3iz\m2\i; p, q, r) + m2\/^{z\m2\3; p, g, r) + cycle(p, g, r)) (7.6) 

where 

N 

F{z\p, q) = (-l)'^^^''^'^-''+'m(^)«l(^)''(z)(p^)'^(gB)'' = F{z\q,p) = 

a,b=0 

= m°l°(2;) + m'^{z){pA + g^) + 0( (momenta)^), 
m^{z) = m°l^(^) = m^l°(2), 

g,r) = + g, r) — F(2;|p, r) — F(z|g, r) = 

= —m^^^{z) + O (momenta) 
m2|3(^|m2|4;p,g,r) = m2|3(^|m2|4(|e^^ e^"), ene-^(^+^+^) = 

= -i{[(|),p)(l - V2) + {q, q){l - zp/2)]{l - - ^/3) + 
+ (p,p)e/3/2+(g,g)W2}(l-e7) 
m2\,iz\m2\s;p,q,r) = m2|4(^|m2|3(|e^^ e^"), e^'^)e-^(^+^+'-) = 

= - l)(^tt + fa) + ^/3(^a - ^){u(3 + v(3)} (1 - zr/2) + 

+ 1 {l - - - ^(1 - ea)(l - e/3)(^P + ^g)} (r,r). 

Here 

2;p = z'^pa, Pa = {ui,ai), qA = {vi,(3i), va = (t^'ji), = Coii, ua = UiUi 

and so on. 

For r = 0, we find 

[m2|3(2|m2|4; p, g, r) + m2\A{z\m2\z;p, g, r) + cycle(p, g, r)] |^=o = A(p, g) 
q) = -ua -v(3+ {ua){^(3) + {v(3){^a) - {u(3){^l3) - {va){ia) + 
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At r = 0, eq. fl7.6p takes the form 

^{z\p,q){p,q) - [F{z\p), zq] - [F{z\q), zp] = cPi{p,q), (7.7) 
q) = F{z\p + q)- F{z\p) - F{z\q), F{z\p) = F{z\p, 0). 

Consider in eq. (17. 7p the terms of the second order in momenta. We obtain the reduced 
equation 

m°l°(z)(p, g) + [m'^{z)qA, zp] + [m'^{z)pA, zq] = c{ua + v/S)) 

which imphes 

c = 0. 

Q.E.D. 

7.0. 2 (ki + l)-th order in h 

In this case, we find 

[[Ao|,,H_i(^|/, g), h{z)] + Ao|,,+i(^| [/, 9],h)] + cycle(/, g, h) + 
+co\oCi\k^Jm2i3,ni2i4i^\f^ 9, h) = 0. (7.8) 

It follows from eq. (17. 8p and Proposition 17.11 that 

Co|oCi|fci = 0. 

and so Ci\k-^ = 0. 

Using the induction method, we obtain that if 7^ then the general solution of eq. 
(17. ip (up to similarity transformation) is 

[f{z), giz)], = [fiz), giz)]+9Ao{z\f,g) = [/(z), g{z)]+9Y,Co\ih'm2is{z\f,g), 

i 

or after redefining 6 

[f{z), g{z)], = [f{z), g{z)]+em2i3{z\f,g). 

Appendix 1. for n = 1 antibracket 

1.1. General solution 

Let e = e + 1. The conomology equation for antibracket can be represented in the form 

dfM2if,g,h) = -{-l)<f)<'^)j,,^^^^(z\f,g,h) = 
((_i).(/Mh) [[M,{z\f, g), h{z)] + MM [/, 9l h)] + cycle(/, g, h)) = 0. (Al.l) 

Introduce notation: 

f{z) = Ux) + e/i(a:) = fo{z) + /i(z), fo{z) = /o(x), Mz) = ^/^(x). 
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Represent the forms Mi{z\f) and M2{z\f,g) in the form 

M,{z\f) = T(i)(x|/o) + r(2)(x|/i) + e[T(3)(x|/o) + r(4)(x|/i)], 

M2(2;|/,(7) = M(i)(x|/o,(7o) + M(2)(x|/o,(7i) -M(2)(x|(7o,/i) + M(3)(x|/i,(7i) + 
+e[M(4)(x|/o,(7o) + M(5)(x|/o,(7i) -M(5)(x|(?o,/i) + M(6)(x|/i,(?i)], 

M(i,4)(x|v3,</)) = M(i,4)(x|</),(y9), M(3,6)(a^|</2,0) = -^(3,6) (^^ 1 0, • 

We have for M2d{z\f,g) = dfMi{f,g): 





= 


-T{3){x\(f)d^(f){ 


^) - T(^3){x\(f))d^(f{x), Mrf|(4)(x|v9,0) = 0, 


(A1.2) 




<^,0) = 


d^T(^i){x\ip)(f){x] 


+ T(4)(x|0)a^(y9(x) - T(i)(x|[(y9, 0]o), 


(A1.3) 


Md\{3){x 


V^A) = 


d^T^2){x\(p)(f){x] 


- 9^.T(2) (X 1 0) (x) - T(2) (x 1 , 0] 1 ) , 


(A1.4) 




^A) = 


5x^(3) (X|V9)0(X; 


- T(3)(x|<^)9^0(x) - T(3)(x|[v9,0]o), 


(A1.5) 




vA) = 


9^.T(4)(x|v2)0(x; 


- 9^.T(4)(X|0)V9(X) + T(4)(x|0)92;V3(x) - 




-T(4)(x|v9)9x.0(. 


V) - r(4)(x|[(/5,0 


l), 


(A1.6) 


[f{x),(f) 


(^)]o = 


{d^(p{x)}(f){x), 







It follows from JAf2,mo(^l/o, ^o, ^o) = and JM2,mo{z\fo,go,hi) = that 
M(4)(x|v9,0)<9^.w(x) + cycle (v9, 0,0;) = 0, (Al.7) 

M(4)(X|V9,0)<9^W(X) - {9a;M(4)(x|v9,0)}w(x) + M(4) (x| wjo, 0) + M(4)(x|v9, [0, w]o) = 0, 

M(i)(x|[(/?,a;]o,0) + M(i)(x|v?, [0,u;]o) - {9^.M(i)(x|v5, 0)}a;(x) - 
-M(5)(x|(/^,a;)9,0(x) - M(5)(x|0, w)9,</^(x) = 0. (Al.8) 

It follows from dfM2{z\fo,gi, hi) = that 

M(5)(x|v9,0)<9^.w(x) - {d^M(^5){x\(^,(f))}uj{x) + {a3;M(5)(x|v9,w)}0(x) - 

-M(5) (x|(^, a;)9,0(x) - M(5) (x| [(^, 0]o, + M(5) (x| a;]o, 0) + M(5) (x| v?, [0, w]i)(AD9) 

{a^M(2)(x|v9,a;)}0(x) - {93;M(2)(x|v9, 0)}a;(x) - M(2)(x| 0]o, w) + 
+M(2)(x|[(p,a;]o,0) + M(2)(x|(^, [0, + M(6)(x|0, a;)9,(^(x) = 0. (ALIO) 

It follows from dfM2{z\fi,gi, hi) = that 

M{e){x\(p,(f))dxu{x) - {d:,:M(^Q){x\(p, (f))}u{x) - M(6)(x| 0]i, w) + 
+cycle(v3,0,w) = 0, (Al.ll) 

- [R.M(3)(x|(^,0)}a;(x) + M(3)(x|[(^,0]i,a;) + cycle((^,0,a;)] = 0. (A1.12) 
I. Consider Eq. flAl.Tp . As it was shown in [D], we find 

M(4)(x|(^,0) =0. 
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II. Consider Eq. flA1.9|) . As it was shown in [9], we find 



M(5)(X|V3,</)) = Mrf|(5)(x|v3,0) +10C, 

where the expression for Mfi\(5){x\ip, (f>) is given by Eq. (lAl.Sp . 

III. Consider Eq. (lA1.8p ..As it was shown in [5], we find 

M(i)(x|v9,0) = Md|(i)(x|v9,0) + loc, 

where (the expression for Md\(i){x\ip, (p) is given by Eq. (lA1.2p . 

IV. Consider Eq. flAl.lip . As it was shown in [9], we find 



M(6)(x|v3,</)) = Md\(e){x\(f ,((>) + loc, 

where the expression for Md\(6){x\ip, (f>) is given by Eq. (lA1.6p . 
V. Consider Eq. (lAl.lOp . As it was shown in [S], we find 

M(2)(x|v3,</)) = M(2)8(a:|(/?,0) + Mrf|(2)(x|v?,0) +loc, 
Q 

M(2)8(x|<^,</.) = Yl M!l{x\{d'^^}4>), d.,M!l{x\^)=0, 



where the expression for Md\(2){x\ip, cj)) is given by Eq. flAl.Sp . 
For M(^2)8{x\f,4>) we obtain an equation 

{d^M^2)8{x\'f,uj)}(l){x) - {9^M(2)8(x|v2,</))}a;(x) - M(2)8(a;| 0]o, tu) 
+M(2)8(x|[v9,a;]o,0) + M(2)8(a;|(y9, [0,a;]i) = loc. 

Let 

X n [supp(v?) U supp(0) U supp(u;)] = 0. 

We obtain 



M(2)8{x\[(p,(l)]o,uj) - M(2)8(a;|[</?,w]o,0) - M(2)8(a;|</?, [</>,w] 



or 

Q 

J2 M^{x\{d^{d^4>)}uj - {d''{d^uj)}4> - {d"^}[d^uj - ^du]) = 0. (Al.13) 

Let ip{x) — e^^(p{x) and 4>{x) — > e^^, u{x) — )■ e~^^~^^''^ for x G supp^j. 
Consider the terms of highest order in p, k in Eq. (lA1.13p . 



[p{p + - p{-kf -{p + 2k)p^]M^ {x\ip) = ^ 

M|(x|(^) = 0, g ^ 0, 2 ^ M(2)8(x|^, 0) = M^{x\{d^ip}(j)) + M°(x|(^0) + loc, 
dM^{x\ip) = dM^{x\ip) = 0. 
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Consider the terms of the second order in p, k in eq. (1A1.13P (the terms of third order 
are identically cancelled), 

{p^ + 2pk)M^{x\df) = ^ d^m^j{x\y) = m^j{x\y)K, = ^ 
mj{x\y) = C5 + 2cq9{x - y) + loc, 

where 

M^{x\ip) = j dyml}{x\y)ip{y) = j dyLp{y) + Cq j dye{x - y)(f{y) + loc =^ 

M(2)8(x|(/^,0) = 0^1 dy{d^ipiy)}(Piy) + 

+2c6 j dye{x - y){d^ipiy)}(j){y) + M^{x\ip(j)) + loc. 

It follows from eq. f lAl.lSp 

M^{x\ipd(l)UJ - ip(f)duj) = ^ M^{x\ip) = loc. 

Finally, we have 

M(2)(X|V3,</)) = C5/i2|5(x|v?,</)) + 2CQfl2\6ix\Lp, (j)) + Md\(2){x\^, (f)) + loC, 

P^2\5ix\ip,^) = j dy{d^ip{y)}(f){y), fl2\6{x\Lp, (p) = J dyO^x - y){d^(p{y)}(l){y), 

or, after equivalent transformations and notation changing 

M(2)(x|(/5,0) = C5/i2|5(a;|v5,0) + Cfifi2\6{x\ip,(t>) + Md\(2){x\ip,(f)) +loc, 
/i2|5(a;|(/5,0) = y dy{d(p{y)}d(l){y), fX2\Gix\ip, ^) = j dy9{x - y){dip{y)}dy(j){y), 

VI. Consider Eq. flAl.121) . As it was shown in [9], we find 

M(3)(x|v?,0) = Ci/i2|i(a;|v5,0) + C2/i2|2(a;|v5,0) + Mrf|(3)(x|v9,0) + loc, 
/i2|i(x|<^,</)) = J dy[dy(p{y)](p{y), 

/^2|2(x|v9,0) = J dye{x-y)[{d'y^iy)}<Piy)-^{y)dlcj>{y)]. 
Introduce two forms 'm2\a{z\ f , g) , a = 1,2, e^^i^ = 1, 
m2iiiz\f,g) = J du{-l)<f^[d'jiu)]d,g{u), 

m2\2iz\f,g) = I dueix-y)i-l)<f^ {[d^fiu)]d,g{u) + i-ir'^^^[dr,f{u)]d'ygiu)} - 
-x{[dld^f{z)]d,d^g{z) - [d,d^f{zMd^g{z)} . 
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These forms have the properties: 

m2\aiz\fo,go) = m2\aiz\fi,go) = m2\aiz\fo, gi) = 0, 
"^211(2; 1/1,^1) = / dy[d^ fi{y)]gi{y) = fi2\i{x\fi, gi), 



^212(^1/1,^1) = J dye{x-y)[{diMy)}g,{y)-My)digr{y)]- 
-x[{dlfi{x)}d^gi{x) - {d^fi{x)}dlgi{x)] = Ai2|2(a;|/i, fi-i) + loc. 

m2Uz\gJ) = -i-lY^f^<^^m2ia{z\f,g), 
dfm2ia{z\f,g,h) = 0. 

Introduce two forms rn2\a{z\ f , g) , a = 5,6, e^^u = 0, 



"^215(^1/,^) = j du{-iy^^^dyf{u)dyg{u), 
m2\Mf.9) = I due{x-y){-l)<f^dyf{u)dyg{u) 



These forms have the properties: 



m2\a{z\fQ,gQ) = m2\a{z\fi,gi) = 0, 

m2\5{z\fo,gi) = j dy[dyfoiy)]dygi{y) = iJ,2\5{x\fo, gi), 

m2\e{z\fo,gi) = / dy9{x-y)[dyfo{y)]dygi{y)=fi2\6{x\fo,gi). 



m2Uz\gJ) = -i-ir^f^'^^^m2Uz\f,g), 
dfm2ia{z\f,g,h) = 0. 



So, we obtained 



^^2(2;!/, 5-) = cim2\i{x\f,g) + C2m2\2ix\ f , g) + C5m2\5{x\f, g) + 
+C6m2|6(x|/, g) + dfM,^,{z\f, g) + M2ioMf, g). 

The local form M2\oc{z\f , g) satisfies the equation d^M2\oc{z\f,g,h) = 0, the solution of 
which, as it was shown in [5], is 

M2ioc{z\f, g) = C3m2|3(x|/, g) + C4m2\4{x\f, g) + dfMi\2{z\f, g), 
m2|3(x|/, g) = (-l)^(^H(l - - NM^), £™,3 = 0, 

m2\,{x\f,g) = i-l)<^\Af{z)]lg{z) + [U{z)]Ag{z), e^,,, = 1. 



16 



Finally, we find: general solution of eq. f lAl.l|) is 



M,(z\f,g)=J2c^^2\^ix\f,g) + dfM^(z\f,g). 



1.2. Adjoint Cohomology 

Let D denotes Di. We will say that the form M{f,g, ...) is compact and we will write 
M = comp if M(/, g, ...) G D for any /, g,... G D. 

Here we prove an useful 

Statement The form M2{z\f, g) is compact iff ci = C2 = C5 = cg = O.and dl'^Mi(z\f, g) = 
comp. 
Proof. 

We must solve the equations 

Cim2\i{x\f,g) + C2m2\2ix\f,g) + Mi{z\{f,g}) = comp, = 1, (A1.14) 
C5"^2|5(a;|/,fi') + C6m2|6(a;|/,5f) + Mi(2|{/,5(}) = comp, 5^1 = 0. (Al.15) 

First, consider eq. (IA1.14p . 

It must be Emi = 1, such that we have 



^1(2^1/) = J dumi{z\u)f{u), mi{z\u) = iJ,{x\y) + ^r]iy{x\y) 
MMf) = f dy'My)My)-^ [ dyuix\y)foiy), 



and 



Cim2\i{z\f,g) + C2m2\2{z\f,g) + J dyfi{x\y)[f[{y)gi{y) - fi{y)g[{y)] = 

= comp, (A1.16) 

dyi^ix\y)[fQ{y)gi{y) - fi{y)go{y)] = comp. (Al.17) 



Consider eq. (lAl.lTp . Choosing go{y) = y foi y E supp/i and fo{y) = 1 for y G suppt^i, 
we obtain 

dyi^{x\y)f{y) = comp, V/ G D. 



Turn to eq. f lAl.lGp . 

i) Choosing fi{y) = 1 for y G supp^^i, we obtain 



=^ Cim2\i{z\f, g) + C2m2\2{z\f, g) - 2 I dyfi{x\y)fi{y)g[{y) = comp. 
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Further choosing go{y) = y ioi y E supp/i, we find finally 

rfuV(x|n°)/(u°) = comp, V/ G D, 



and as a consequence 

Cim2\i{z\f,g) + C2m2\2{z\f,g) = comp. 

Let X — !■ — oo. We obtain Ci'm2\i{z\f,g) = comp ci = ^> C2 = 0. 
Now, consider eq. flAl.lSp . 
Since = 0, we have 



M,{z\f) = I dy'f,{x\y)fo{y)-^ / dyu{x\y)My), 

and 



C5f^2\5{x\fo,gi) + Cfifi2\6{x\fo,9i) + J dy fi{x\y) fQ{y)gi{y) = comp, (A1.18) 
dyi^{x\y)[f[{y)giiy) - fiiy)g'iiy)] = comp. (A1.19) 



Setting gi{y) = 1 for ?/ G supp/i in eq. flA1.19|) . we find / dyi'{x\y)f[{y) = comp 



yfi{y) G D ^ J dyu{x\y)fi{y)g[{y)] = comp. Choosing gi{y) = y ioi y e supp/i, we 
obtain 

dyi^{x\y)f{y) = comp, Wf{y) G 



Now, setting fo{y) = y ioi y E supp(7i in eq. (lAl.lSp . we find 
dyiJ'{x\y)g{y) = comp, \/g{y) e D ^ 

=^ C5/i2|5(a;|/o, fi-l) + CQfX2\6{x\fo, gi) = comp =^ C5 = C6 = 0. 

As a consequence, all forms fn2\i{z\f\ g), i = 1,2, ...,6, are independent nontrivial coho- 
mology. 

References 

[1] BataUn I.A., Vilkovisky G.A., Phys. Lett., 120B, 166 (1983). 

[2] LA. Batalin and G.A. Vilkovisky, J. Math. Phys., 26, 172 (1985). 

[3] Gomis J., Paris J., Samuel S., Antibrackets, antifields and gauge theory quantization, 
Phys. Rep., 259 1-145 (1995). 

[4] D.M.Gitman and I.V.Tyutin, Quantization of Fields with Constraints, (Springer- 
Verlag, 1990). 

[5] Henneaux M. and Teitelboim G., Quantization of Gauge Systems, Princeton University 
Press, Princeton, 1992. 



18 



[6] D. A. Leites and I. M. Shchepochkina, How to quantize the antibracket, 
Theor. Math. Phys., 126, 281-306 (2001). 



[7] M. Scheunert and R. B. Zhang, J.Math.Phys., 39, 5024-5061 (1998); q-alg/9701037 



[8] S. E. Konstein, A. G. Smirnov and I. V. Tyutin, Cohomologies of the Poisson superal- 
gebra, Teor. Mat. Fiz., 143,625 (2005); hep-th/0312109, 

[9] S. E. Konstein, and I. V. Tyutin, Deformations and central extensions of the antibracket 
Superalgebra, Journal of Mathematical Physics, 49, 072103 (2008). 



[10] S. E. Konstein, and I. V. Tyutin, The deformations of nondegenerate constant Poisson 
bracket with even and odd deformation parameters, arXiv: 1001.1776 [hep-th] 



